PROJECTIVE DEFORMATIONS OF WEAKLY ORDERABLE 
HYPERBOLIC COXETER ORBIFOLDS 



SUHYOUNG CHOI AND GYE-SEON LEE 

Abstract. A Coxeter n-orbifold is an n— dimensional orbifold which has the 
combinatorial type of a polyhedron. Each pair of adjacent (n — l)-faces meet 
on an (n — 2)-face of some order m which is locally modeled on R" modulo the 
dihedral group of order 2m generated by two reflections. For n > 3, we study 
the deformation space of real projective structures on a Coxeter n-orbifold 
Q admitting a hyperbolic structure. Let / be the number of (n — 1)— faces, 
and let e_|_ be the number of (n — 2)-faces of order > 3. A neighborhood 
of the hyperbolic structure in the deformation space is a smooth manifold of 
dimension e+ — n if the number of (n — 2)-faccs of Q is equal to nf — "t"^ 1 ) , 
and Q is weakly orderable, ie the (n — l)-faces of Q can be ordered so that 
each (n — l)-face contains at most n (n — 2)— faces of order 2 in (n — l)-faccs 
of higher indices. 



1. Introduction 

In this paper, an orbifold is a quotient space Q of a manifold by a properly 
discontinuous discrete group action with an oribifold structure: Each point of Q 
has a neighborhood <fi(U) that is a quotient of an open subset U of R™ by a finite 
group action G with a chart (f>: U — > <p{U) inducing the quotient map U — > U/G. 
Two charts (U, G, <f) and (V, H, ijj) are compatible if each point of <f>{U) fl ip(V) has 
an open neighborhood W modeled on (W, K, Q with maps W —> U and W — >• V 
lifting inclusions equivariant with respect to homomorphisms K — >• G and K — > H . 
An atlas is the collection of compatible charts of form (U, G, 4>) so that the open 
sets of form <j)(U) cover the space Q. An orbifold structure is a maximal atlas. A 
singular point is one where the finite group G is not trivial for any choice of such 
a chart (U, G, 4>), and the singular locus is the set of singular points. 

A Coxeter n-orbifold is an n— dimensional orbifold whose underlying space is an 
n-dimensional domain and whose singular locus is in the boundary: Let A™ be an 
n-dimensional affine space and let P C A™ be an n-dimensional convex polytope, ie 
the convex hull of a finite subset. The faces of codimension one and two are called 
the facets and ridges, respectively. Let P' be the subset of P by removing some 
of the faces whose codimension is greater than two. Denote by D m the dihedral 
group of order 2m. A Coxeter n,-orbifold P associated with P' is given as follows: 
the interior of each facet of P is silvered, ie the singular locus is locally modeled 
on W 1 / (R) for a reflection R, and the interior of each ridge e is locally modeled on 
(R n , D me , 4>) for some chart <f> where the dihedral group D mt action is given by two 
reflections. The ridge e is said to be of order m c - Every remaining point of P' in 
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the faces of P has a neighborhood modeled as above with a finite Coxeter group, ie 
a group having a group presentation 

( n | {nr-r* ) (i, jet) 

where I is a set, m« = 1 for all i e I, and m,j € {2,3,..., +00} is symmetric. Note 
that m.ij = +00 means no relations on and rj . The (orbifold) fundamental group 
of a Coxeter orbifold is isomorphic to a Coxeter group. 

Given a Lie group G acting on a manifold X transitively, a (G, X) -structure on 
an orbifold Q is given by a maximal atlas of charts (U, H, (f>) where U is an open 
subset of X and H is a finite subgroup of G and <j) is a map £7 — » </>(£/) inducing 
the quotient map U —> U/H. 

In particular, we study real projective structures and hyperbolic structures on a 
Coxeter n-orbifold P. A real projective structure on P is a (G, X)-structure on P 
with 

G = SL± +1 (R) and X = S n 

where the projective sphere S™ is the set of rays in R n+1 from the origin and 
SL^ +1 (R) is the Lie group acting by projective transformations on S™, ie 

SL± +1 (R) = {Ae GL„ +1 (R) : det(A) = ±1}. 

We can represent hyperbolic structures on P using Klein's projective model: the 
hyperbolic space H" is an open ball B in W 1 and the group of hyperbolic isometries 
is the subgroup PO(l,») of SL^ +1 (R) preserving B. Hence hyperbolic Coxeter 
orbifolds naturally have induced real projective structures. 

Real projective structures have been studied by many mathematicians includ- 
ing Kuiper [26], Benzecri [8], Koszul [25], Goldman [21] and Benoist [4]. For the 
first time Kac and Vinberg [37] discovered hyperbolic Coxeter 2-orbifolds on which 
the induced real projective structures deform into a family of real projective struc- 
tures that are not induced from hyperbolic structures. Johnson and Millson [24] 
constructed projective bending deformations of compact hyperbolic manifolds with 
embedded totally geodesic hypersurfaces. Cooper, Long and Thistlethwaite |15[H6] 
investigated whether the closed hyperbolic 3-manifolds of the Hodgson- Weeks cen- 
sus could be deformed. Heusener and Porti [53] provided infinite families of hyper- 
bolic 3-manifolds which are locally projectively rigid, by means of Dchn filling. A 
survey on real projective structures is given in the article of Benoist [6] . 

The deformation space O(P) of real projective structures on the Coxeter orbifold 
P is the space of real projective structures on P up to equivalence relation given by 
isotopy in P. The space has a natural G 1 -topology. We refer to Choi [HJ [T3] and 
Thurston [32, 33 for the details. A point p of D(P) gives a fundamental polyhedron 
P in S™, well defined up to projective transformations since the generating reflec- 
tions determine P. The space of p G B(P) giving a projectively fixed fundamental 
polyhedron P, which is called the restricted deformation space of real projective 
structures on P, was studied on by Choi [13] and Choi, Hodgson and Lee [14]. 

In this paper we shall only consider deformation spaces D(P) of real projective 
structures on P without the restrictions. Now we fix the dimension n to be so that 
n > 3. Let P be an n-dimensional hyperbolic convex polytope with dihedral angles 
submultiples of 7r; we call P a hyperbolic Coxeter n-polytope. Then P naturally has 
a Coxeter orbifold structure P by silvering the facets where each ridge is associated 
with the dihedral group D nij of order 2mj for when the ridge has the dihedral 



PROJECTIVE DEFORMATIONS OF HYPERBOLIC COXETER ORBIFOLDS 3 

angle equal to The point t in B(P) is said to be hyperbolic if it is given by a 
hyperbolic structure on P. 

Definition 1.1. Let P be a hyperbolic Coxeter n-polytope, and let P denote its 
Coxeter orbifold structure. Suppose that t is the corresponding hyperbolic point 
of O(P). We call a neighborhood of t in O(P) the local deformation space of P. 
We say that P is protectively deformable, or simply deforms, if the dimension of its 
local deformation space is positive. Conversely, we say that P is locally projectively 
rigid, or locally rigid, if the dimension of its local deformation space is 0. 

Definition 1.2. A Coxeter n-orbifold P is weakly orderable if the facets of P can 
be ordered so that each facet contains at most n ridges of order 2 in facets of higher 
indices. 

A convex n-polytope P in A™ is called simple if exactly n facets meet at each 
vertex. The number of facets and ridges of P are denoted by / and e, respectively. 
We introduce an integer 

op = e — nf + - L -2 — - 
which depends only on the polytope P and not on the orbifold structure. Barnette 
[2] showed for simple polytopes P that 5p are non-negative. Observe that compact 
hyperbolic Coxeter n-polytopes are simple. Denote by e + the number of ridges of 
order > 3 in P. 

Theorem 1.3. Let P be a compact hyperbolic Coxeter n-polytope, and suppose 
that P is the Coxeter orbifold arising from P. If the following two conditions are 
satisfied: 

(CI) S P = 

(C2) P is weakly orderable 

then a neighborhood of the hyperbolic point in D(P) is homeomorphic to a smooth 
manifold of dimension e+— n. 

In other words, the compact hyperbolic Coxeter n-orbifold P satisfying both 
(CI) and (C2) of lThcorem 1.31 is projectively deformable if e + > n; otherwise, it is 
locally rigid. 

Remark. Both (CI) and (C2) are necessary conditions; the details are given in 
IScction 5.21 and IScction 5.31 

If n = 3 and P is simple, then the Euler's formula implies that Sp is always 
equal to 0. 

Corollary 1.4. Let P be a compact hyperbolic Coxeter 3 -polytope, and suppose 
that P is the Coxeter orbifold arising from P. If P is weakly orderable, then a 
neighborhood of the hyperbolic point in B(P) is a smooth manifold of dimension 
e + — 3. 

A truncation n-polytope is a convex n-polytope obtained from the n-simplex 
by repeated truncations of vertices. It is well known that the condition (C2) of 
ITheorem 1.31 holds for any truncation polytope. Moreover, if P is any Coxeter 
orbifold arising from a truncation polytope P, then P is weakly orderable as we 
can order facets by giving lower orders to all new facets arising from each step of 
the truncation process from the existing ones. 
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Corollary 1.5. Let P be a compact hyperbolic Coxeter n-polytope, and suppose 
that P is the Coxeter orbifold arising from P. If P is a truncation polytope, then 
a neighborhood of the hyperbolic point in D(P) is a smooth manifold of dimension 
e + — n. 

Marquis [28 used the word ecimahedron in place of truncation 3-polytope and 
showed that if P is the Coxeter 3-orbifold arising from a compact hyperbolic Coxeter 
ecimahedron P then D(P) is diffcomorphic to R e + -3 . 

Remark. Let P be a simple n-polytope, and suppose that P is a Coxeter orbifold 
arising from P. As shown in Br0ndsted jTOJ §19], for n > 4, P is a truncation 
n-polytope if and only if Sp = 0. Hence for n > 4, P is a truncation n-polytope if 
and only if P satisfies both (CI) and (C2). 

The remainder of this paper is organized as follows. 

IScction 2l reviews some known facts. In lScction 2.1l wc describe Vinberg's results 
giving the general conditions satisfied by real projective reflection groups. In fact, 
the work of Vinberg is central to the theory of real projective structures on Coxeter 
orbifolds. In IScction 2.21 we recall Andreev's theorem characterizing the compact 
hyperbolic 3-polytope with dihedral angles at most J. 

IScction 3l gives various descriptions of the deformation space of real projective 
structures on a Coxeter orbifold P. In lSection 3.1l we introduce a space of represen- 
tations of the orbifold fundamental group tt± (P) and show that this representation 
space can be identified with the deformation space of real projective structures. In 
IScction 3.21 we introduce the solution space of some polynomial equations given by 
Vinberg and a space of matrices satisfying certain conditions also given by Vinberg 
and establish the equivalence of these spaces. 

IScction 4l discusses general facts concerning a neighborhood of a hyperbolic struc- 
ture in the deformation space of real projective structures on a Coxeter n-orbifold. 
In IScction 4.11 we study the Zariski tangent space of the solution space of a corre- 
sponding system of Vinberg's polynomial equations. In IScction 4.21 we introduce 
the polynomial equations defining a hyperbolic structure, and in IScction 4.31 we 
describe the Zariski tangent space of these polynomial equations. In IScction 4.41 
we compare two Zariski tangent space at a hyperbolic point, and in lSection 4.51 wc 
combine this with the Weil infinitesimal rigidity to prove [Theorem 1.31 

IScction ~E\ we provides several examples and counterexamples. In lScction 5.1l we 
prove that almost all of the compact hyperbolic 3-orbifolds arising from some 3- 
polytopes are weakly orderable. In IScction 5.21 - ISection 5.31 we show that two 
assumptions in IThcorcm 1.31 are necessary. 
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2. Preliminary 

This section reviews the basic background material used in this article. 

In IScction 2.11 we describe Vinberg's results giving the conditions under which 
a compact n-dimensional Coxeter orbifold admits a real projective structure. In 
IScction 2.2l we recall Andreev's theorem which explains when a compact 3-dimensional 
Coxeter orbifold admits a hyperbolic structure. 

2.1. Vinberg's results. This subsection gives a summary of results from Vinberg's 
article [35] ■ An alternative treatment is given in Benoist's notes [7]. 

Let V be an (n+l)-dimensional real vector space. The projective sphere S™ is the 
space of rays in V and double covers the projective space RP™. The group SL^ +1 (K) 
acts on S™ faithfully in the standard manner. The elements of SL^ +1 (R) are said to 
be the projective automorphisms of §™ and SL n+1 (R) the projective automorphism 
group of §". Denote by tt the natural projection from V\{0} into S n . A subspace of 
§" is the image of a subspace of V without the orgin. In particular, a 2-dimensional 
subspace of V corresponds to a great circle in S" and an n-dimensional subspace 
gives a great (n — l)-sphere in Further, a component of the complement of a 
great (n — l)-sphere can be identified with an affine n-space. We call this an ajfine 
patch of § n . 

A reflection R is an element of order 2 of GL„ + i(R) which is the identity on a 
hyperplane U. All reflections are of the form 

R = Iy - a ® b 

for some linear functional a £ V* and a vector b £ V with a(b) = 2 and are in 
SL^ +1 (R). Observe that the kernel of a is the subspace U of fixed points of R 
and b is the reflection vector, ie an eigenvector corresponding to the eigenvalue —1. 
Hence a reflection has a subspace of codimension-one as the set of fixed point and 
the point corresponding to the reflection vector is sent to its antipode. A rotation 
is an element of SL n+1 (R) which is the identity on a subspace of codimension two 
and is conjugate to a matrix [ c ° s f ~ s gl m a suitable supplementary basis. The 
real number 9 is the angle of the rotation. 

A subset f2 of §™ is convex if its intersection with any great circle is connected. 
Moreover, it is properly convex if, in addition, its closure f2 does not contain a pair 
of antipodal points. A subset P of S" is a convex n-polytope in S n if P is a convex 
n-polytope in an affine patch of S™. Observe that a convex n-polytope in S n is 
properly convex. As a matter of notation, given a convex n-polytope P in § n , 
cone(P) will denote the convex polyhedral cone tt^ 1 (P) U {0} in V. 

Let P be a convex n-polytope in and for each facet Fi of P, take a linear 
functional on for Fi and choose a reflection Ri — Iy — oti® bi with = 2 which 

fixes Fi. By making a suitable choice of signs, we assume that P is defined by the 
inequalities 

a,>0, i£l={l,...,f}. 

The group T C SL^ +1 (R) generated by all these reflections Ri is called a (real) 
projective Coxeter group if 

jP o DP° = for every 7 £ T\{1} 
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where P° is the interior of P. Note that Vinberg |35j used the word linear Coxeter 
group in place of projective Coxeter group. The / x / matrix A = (ay), ay = aj (6j ) , 
is called the Cartan matrix of T and P is called a fundamental chamber of T. 

By [35[ Theorem 1 and Proposition 6 and 17], the following conditions are nec- 
essary and sufficient for T to be a projective Coxeter group: 

(LI) fly < for i 7^ j, and ay = dji = 0. 

(L2) an — 2; and for i ^ j, a^aji > 4 or ayasjj — 4cos 2 (^-), riy an integer > 2. 

In fact, if OijOji = 4cos 2 (^-) then the product RiRj is a rotation of angle 
and the group generated by two reflections Ri and Rj is the dihedral group D nij . 
In particular, if ay = a 3 i = then RiRj is a rotation of angle ? and P^ and Pj 
generate a dihedral group of order 4, ie a Klein four group. If a^Oji > 4 then P^ 
and i?j generate an infinite group and ny = +oo. 

For each reflection P^, and hi are defined up to transformations 

(2.1) on i — y diCti and 6^ i— > d~ x bi with c?i > 0. 

Hence the Cartan matrix A of T is defined up to the action of a group of diagonal 
matrices with positive diagonal entries. 

For any x € P, let T x denote the stabilizer subgroup of T of x. Define P$ = 
{x E P : T x is finite}. By [351 Theorem 2], the following statements are true: 

• fir = U 7£ r7P is convex. 

• T is a discrete subgroup of SL^ +1 (IR) preserving fip. 

• fip n P = P* , and is homeomorphic to f2 r /r. 

Thus Sip gives a convex open subset of the projective sphere and fi r /r deter- 
mines a convex real projective structure on the Coxeter n-orbifold P associated 
with P. For example, let P be a hyperbolic Coxeter n-polytope of finite volume. 
Suppose that T is the discrete group generated by the reflections with respect to 
facets of P in the hyperbolic space H™. Then fi r = H™ and f2 r /T is a hyperbolic 
Coxeter n-orbifold. 

A projective Coxeter group V is elliptic, parabolic and hyperbolic if T is derived 
from a discrete group generated by reflections in the sphere, Euclidean space and 
hyperbolic space, respectively, provided the following additional condition is satis- 
fied: neither any proper plane in the hyperbolic space nor any point at infinity is 
T-invariant. 

A matrix is called indecomposable if it cannot be represented as the direct sum 
of two matrices. Thus every matrix A decomposes into a direct sum of indecom- 
posable matrices, which are called components of A. By Frobenius' theorem (See 
Gantmacher [32]), any indecomposable matrix A satisfying the condition (LI) has 
a real eigenvalue. It is said to be of positive, zero and negative type if the smallest 
real eigenvalue is positive, zero and negative, respectively. Denote by A + (resp. A , 
A~) the direct sum of its components of positive type (resp. zero type, negative 
type). Any matrix A satisfying the condition (LI) is represented as the direct sum 
of A + , A and A~ . 

Theorem 2.1. [35j Proposition 22 and 23] Let T be a projective Coxeter group, 
and let A be the Cartan matrix ofT. 

• r is elliptic A = A + T is finite. 

• r is parabolic A = A and rank (A) = n. 
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We shall consider only the case when P = P* , which is equivalent to the assump- 
tion that VLy = flp- We call T perfect. Observe that T is perfect P is compact 
<=> the underlying space of P equals P exactly. 

Theorem 2.2. [351 Proposition 26] Let T be a perfect projective Coxeter group, 
and let A be the Cartan matrix ofT. Then exactly one of the following statements 
is true: 

• r is elliptic. 

• r is parabolic. 

• A is indecomposable and of negative type, and rank (A) — dimV. 

Lemma 2.3. 35] Lemma 15] Let T be a projective Coxeter group. Assume that 
the Cartan matrix A of T is indecomposable and of negative type. Then f2r is 
properly convex. 

Let P be a convex n-polytope in S™ and the polyhedral cone K = cone(P) be 
given. The complex of K, denoted by $K, is the set of its (closed) faces, partially 
ordered by inclusion. Let K\,... ,Kf be the n-faces of K. For any face L of K, 
define a(L) = {i G I : D L} and cr($K) = {a(L) C I : L G $K}. For any subset 
S of I, the standard subgroup Ts of T is the subgroup generated by the reflection 
Ri, i £ S. 

Theorem 2.4. [35l Theorem 7] Let T be a perfect projective Coxeter group. As- 
sume that P is a fundamental chamber ofT and K = cone(P). Then S £ o~($K) 
if and only if Ts is finite or S = I. 

Note that the combinatorial structure of the fundamental chamber of a perfect 
projective Coxeter group T is completely determined by the abstract group structure 



For any subset S of I, the principal submatrix Ag of A is the submatrix of A 
consisting of the entries for all i, j G S. Denote by S + (resp. S°, S~) the subset 
T of S such that A T = A^ (resp. A° s , Ag). 

Lemma 2.5. Let T be a perfect projective Coxeter group, and let A be the Cartan 
matrix ofT. If A has a principal submatrix of zero type, then T is parabolic. 



Proof. We refer to the proof of 35] Theorem 7]. Assume that T is not parabolic 
and S = S° for some S C I. Define Z(5) = {i € I : o„ = for all j e S} and 
T = Z(S f. Observe that S U T = {S U T)° and Z (S U T)° = an d thus by 
Theorem 4], SUT G (T^if) with X = cone(P). ITheorem 2.T1 and ITheorem 2.21 
show that SUT ^l. By ITheorerrTTil r SU T is finite. So is T s , ie S = by 
ITheorem 2.H This is a contradiction. □ 

Lemma 2.6. Let T be a perfect projective Coxeter group, and let A — (dij) be the 
Cartan matrix ofT. IfT is not parabolic then aijaji 7^ 4 for every i =/= j. 

Proof. If aijOji = 4 for some % ^ j then the principal submatrix [ a 2 . a | J ] of A is of 
zero type. Bv lLcmma 2.51 T is parabolic. □ 

Theorem 2.7. [351 Corollary 1] Let A be an f x f matrix satisfying (LI) and 
(1/2), and let rank (A) = n + 1. Suppose that A has no components of zero type. 
Then there exists a projective Coxeter group T C SL^ +1 (R) with the Cartan matrix 
A. Furthermore, T is unique up to the conjugations in SL^, 1 (R). 



of r. 
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2.2. Andreev's theorem. For this subsection we refer to Andreev [T] and Roeder, 
Hubbard and Dunbar [31] . 

A convex 3-polytope P is topologically a 3-ball B and the face structure of P 
gives B the structure of a cell complex whose fc-cells correspond to the fc-faces of 
P for 1 < k < 3. The boundary complex dP of P is the subcomplex of P consisting 
of all proper faces. Let (dP)* be the dual complex of dP. A simple closed curve 7 
is called a k-circuit if it consists of k edges of (dP)* for some positive integer k. A 
circuit 7 is prismatic if all of the endpoints of the edges of dP which 7 meets are 
different. 

Theorem 2.8. [1] Suppose P is (the combinatorial type of) a simple 3-polytope, 
different from a tetrahedron, and a non-obtuse angle 9ij € (0, ^] is given corre- 
sponding to each edge = F{ f~l Fj of P, where F^ are the facets of P. Then the 
following conditions (Al)-(AA) are necessary and sufficient for the existence of a 
compact hyperbolic 3-polytope which realizes P with dihedral angle #y at each edge 

(Al) If F ijk = Fi n F 3 l~l F k is a vertex of P, then % + 6 jk + 6 ki > n. 
(A2) If Fi, Fj and F k form a prismatic 3-circuit, then 9ij + 9j k + Qki < 
(A3) If Fi, Fj, F k and Fi form a prismatic A-circuit, then 9ij+0jk+@M+6u < 27r. 
(AA) If P is a triangular prism with triangular faces F% and F 2 , then 

#13 + #14 + #15 + #23 + #24 + #25 < 37T. 

Furthermore, this compact hyperbolic 3-polytope is unique up to hyperbolic isome- 
tries. 

3. Deformation spaces of real projective structures 

Through this section, we have three descriptions of the deformation space of 
real projective structures on a compact n-dimensional Coxeter orbifold P, when 
P admits a real projective structure but does not admit a spherical or Euclidean 
structure. In IScction 3.11 wc describe the deformation space in terms of represen- 
tations from tti(P) into SL^ +1 (]R). In lSection 3.21 we describe this representation 
space in terms of polynomial equations and Cartan matrices, respectively; these are 
introduced by Vinberg. 

3.1. Deformation spaces and the representation spaces. Let P be a com- 
pact Coxeter n-orbifold, and let D(P) be the deformation space of real projective 
structures on P. Assume that P admits a real projective structure, but does not 
admit a spherical or Euclidean structure. 

The SL^ +1 (R)-action on Hom(7Ti(P), SL^ +1 (R)) by conjugation is not faithful 
since ±7y is in the kernel and 

HomMP),SL± +1 (M))/SL± +1 (K) 

is equivalent to 

Bomfa (P), SL± +1 (K))/SL„ +1 (R) 
thus, we will study the later space only. 

Denote by D rcp (P) the subspace corresponding to the irreducible representations 
h: 7Ti(P) — > SL^ +1 (R) each of which acts on a properly convex open subset of 
S™ with the compact quotient orbifold 0//i(tti(P)). 



PROJECTIVE DEFORMATIONS OF HYPERBOLIC COXETER ORBIFOLDS 



9 



Theorem 3.1. Let P be a compact Coxeter n-orbifold. Assume that P admits a 
real projective structure, but does not admit a spherical or Euclidean structure. 

• D Icp (P) is a union of components o/Hom(7ri(P), SL^ +1 (R)) where SL Jl+ i(R) 
acts properly and freely with a Hausdorff quotient space. 

• The deformation space P(P) of real projective structures on the Coxeter 
orbifold P is homeomorphic to 

A op (P)/SL„ +1 (R). 

• For each element h : tti(P) — > SL^ +1 (R) of D rep (P), there exists a unique 
properly convex open subset SI of S™ up to the antipodal map A so that 
Q,/h(7Ti(P)) is diffeomorphic to P. 

Proof. The (orbifold) fundamental group 7Tl(P) of P is an infinite, non-afnne and 
irreducible Coxeter group bv ITheorem 2.21 Hence, by Qi [30l Theorem 1.1], the 
center of any finite index subgroup of ~k\ (P) is trivial, and so by Benoist [2J Theorem 
2.2] or [SJ Theorem 1.1], D lcp (P) is a closed subspace of Hom(7Ti(P), SL± +1 (R)). 
The openness was shown by Koszul [25]. Bv lLemma 3.21 the conjugation action by 
SL n+ i(R) is proper and free. Thus the first item is proved. 

Let P have a real projective structure. Denote by P the universal cover of P. 
There exists an immersion D : P — > S n equivariant with respect to a homomorphism 
h: ni(P) — > SL^ +1 (R). Observe that P is tesselated with images of a fundamental 
polyhedron P. ITheorem 2.21 and ILemma 2.31 imply that D sends P diffeomorphic 
to a properly convex open subset of S n and thus h is in Z? rep (P). By Choi jT2j 
Corollary 1], there exists a local homeomorphism 

hoi : D(P) -> A-c P (P)/SL„ +1 (R). 

Suppose that fli and SI2 are convex open subsets of S n where h(ni(P)) acts for 
h G D Icp (P). If Oi n SI2 7^ and they are not equal, then there exists a proper 
connected open subspace f2inf22 of Sli so that (fiiflf^/r is homotopy equivalent to 
f2i/r for an orientation-preserving finite-index torsion- free subgroup T of h(jTi(P)). 
It is absurd for a proper-open submanifold to be homotopy equivalent to the closed 
manifold by the homology theory. Thus, we have Oi = VI2 or Oi n Q2 = - 

Let A : §" — > §" denote the antipodal map which conjugates h{-K\(P)) to itself. 
Then SI2 = A(£li) or ^2 H A(fti) = by the same reasoning. 

Also, the closures fl± and Jl2 and their images under A are mutually disjoint: 
Otherwise, their intersection is a h(ni (P))-invariant convex subset of lower-dimension 
than n, and h is reducible. 

Suppose that SI2 C § n — Oi — A(Qi). There exists an element 7 in h(m(P)) 
that has an attracting fixed point x in the boundary of Jli with the eigenvalue of 
x having a norm strictly greater than all other eigenvalues by Benoist [3]. Thus, 
acting by 7™ 1 asm-) 00, we obtain that ^2 H Jli 7^ 0. This is a contradiction. 

Therefore, we conclude SI2 = ^1 or 0,2 = A(Cli). As A is a projective automor- 
phism, this proves the injectivity of hoi. 

The surjectivity follows since each element of D rcp (P) divides a convex open sub- 
set of S" by definition: Consider P h := 0//i(tti(P)) for h in Hom(7Ti(P), SL^ +1 (R)). 
By Charney and Davis [TT], P^ has the same partial ordering of faces by inclusion 
maps as P since /i(7Ti(P)) is isomorphic to 7ri(P); that is, they are combinatorially 
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equivalent by a homeomorphism. We can show that Ph is diffeomorphic to P by 
induction on codimensions of strata and removing their tubular neighborhoods. 
The last item was proved while proving the second one. □ 



Let SO(l,n) denote the orientation-preserving Lorentzian subgroup acting on 
V with a Lorentzian norm of signature — 1,1,..., 1. This is a Lie subgroup of 
SL^ +1 (R). Note that SL^ +1 (R)-action by conjugations on (SL^ +1 (R))^ is not 
faithful. Thus, we act by SL n+ i(R). The following lemma is a generalization of 
Choi [131 Lemma 1]. 

Lemma 3.2. LetU denote the subspace of all elements (<?i, . . . , gf) in (SL^ +1 (R))^ 
such that gi 's generate a Zariski dense subgroup Z in a union of components of 
SL^ +1 (R) or in a union of components o/PO(l,n). Then the SL„ + i (M)-action 
on (SL^ +1 (R))^ by conjugation 

is proper and fixed-point free on U . 

Proof. The proof for the properness directly generalize that of [HI Lemma 1] as 
the group Z is irreducible. 

If there exists a fixed point of g € SL„ + i(R), then g commutes with elements 
of Z and Z is not Zariski dense in union of components of SL^-^R). If Z is 
Zariski dense in a union of components of PO(l,n), then an element commuting 
with elements of Z commutes with a cocompact discrete subgroup of a conjugate of 
SO(l, n). Then this element has to be trivial. Thus, there are no fixed points. □ 



3.2. The reinterpretations of the deformation spaces as solution spaces. 

Let V be an (n + l)-dimensional real vector space. Denote by M sxt (R) the set of 
sxt matrices with real entries. We will identify V and V* with M( n+1 ) Xl (R) = R" 
and M lx ( n+1 )(R) = (R ra )* respectively as follows: We choose the standard ordered 
basis {ei, . . . , e„+i} of V. Let {e\, . . . , e* +1 } be its dual basis of V*. If on = 
<*i,i e i + ' ' ' + a i,n+i e n+i ^* then on is identified with the 1 x (n + 1) matrix 
(a^i, . . . ,ai.„+i). Similarly, if bj = & J - 1 iei + - • ■ + bj, n+ ie n +i £ V then bj is identified 
with the (n + 1) X 1 matrix . . . , &j.„+i)*, where the upper script t means the 
transpose of a matrix. Hence on{bj) = aibj where the right-hand side is the scalar 
obtained as the matrix product of a 1 x (n + 1) matrix with a (n + 1) x 1 matrix. 
Denote by J n +i the (n + 1) X (re + 1) identity matrix. The reflection R is equal to 
I n +i — bet where a € V* and b E V with ab = 2. Moreover, if g and h are linear 
transformations of V , then their composition hog is equal to the product hg of two 
matrices. 

Let P be a convex n-polytope with / facets in S™, and let I = {1, . . . , /}. Assume 
that P is given by a system of linear inequalities 014 > (i G I) where on are linear 
functionals in V*. Suppose that bi are reflection vectors with ctibi = 2. Let Ri be 
the reflections defined by Ri = I„ + i — 6,0;, for all i e I, and let T C SL^ +1 (R) be 
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the group generated by the reflection Ri. 
Define 

£i = {(*,j)elxl : i = j}, 

E 2 = G I x I : i < j, Fi and Fj are adjacent in P and riy = 2}, 

-E-3 = {{hj) € I x I : i < j, Fi and Fj are adjacent in P and > 3} and 
£4 = G I X I : i < j, Fi and Fj are not adjacent in P}. 

Fix orders n.y for the ridges of P. We consider the deformation space of real 
projective structures on the corresponding Coxeter orbifold P. As in lSection 3.1l wc 
assume that P admits a real projective structure, but does not admit a spherical or 
Euclidean structure. Vinberg's result and lLcmma 2.61 lead us to solve the following 
system of polynomial equations: 

• an = ctibi = 2 for (i, i) G E\. 

• dij — ctibj — and dji = ctj{bi) = for {i, j) G E 2 . 

• ctijdji = ctibjUjbi = 4cos 2 (^-) for (i, j) G E 3 . 

We call these polynomial equations Vinberg equations. The a^'s and biS are vari- 
ables. Let N be the number of Vinberg equations and let &p: (V*) i xV^4 R N 
be the map given by 

(«!, . . . ,a /; 6i, . . . ,b f ) ^ ($1, . . . ,$jv) 

where {^fel^! is the set of polynomials an — 2, aij, aji, or aijOji — 4cos 2 (^-) as 
in the Vinberg equations. Denote by e 2 the number of ridges of order 2. Observe 
that N = / + e + e 2 . Define 

W = {(o 1 ,...,a / ,6i,...,6 / )e(0 /x ^ / : 

ay < and < if £ E3U S4, and a^aji > 4 if (i,j) € £4}. 

We consider the solution set 

D(P) := $^(0)n« 

which consists of elements of (V*y x V? such that the projective Coxeter group V 
generated by Ri = I n +\ — biCti gives the quotient orbifold fir/T which is isomorphic 
to P. Denote by 6 the action of G = x SL± +1 (K) on 5(P) given by 

(3.1) {di,...,df,g)-(a u ...,a } ,bi,...,bf) 

= (diaxg' 1 , d f a f g~ 1 ,d~ 1 gb 1 , d^gbf), 

where di € M. + for all i G I and g G SL^ +1 (R). Applying the action 9 on D(P), we 
have 

Jn+i - [d^gbi) (didig^ 1 ) = g(I n +i ~ ha^g" 1 = gRig' 1 for all i G I. 

Hence the action 9 on ID)(P) corresponds to the conjugation in SL^ +1 (R). 

Theorem 3.3. Let P be a compact Coxeter n-orbifold. Assume that P admits a 
real projective structure, but does not admit a spherical or Euclidean structure. 

• D rep (P) is homeomorphic to B(P)/(R_|_)^ . 
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• The deformation space D(P) of real projective structures on the Coxeter 
orbifold P is homeomorphic to 

D(P)/G = D rep (P)/SL n+1 (R) 

Proof. The first item follows since the representation is given by assigning the fixed 
points and reflection facets whose ambiguity is understood by Equation (|3.1|) . The 
second item follows by ITheorem 3.11 and the first item. □ 

Let PV(P) denote the space of / x / matrix A — (a,j) satisfying (LI) and (L2) 
with rank (A) = n + 1 and no component of zero type. We recall from Equation 
(|2.1| that there is a diagonal group action on PV(P) given by 

(3.2) (di, ...,df)o (ay) = {d l dj 1 a ij ). 

Corollary 3.4. Let P be a compact Coxeter n-orbifold. Assume that P admits 
a real projective structure, but does not admit a spherical or Euclidean structure. 
There exists a one-to-one correspondence between 

D(P) o D rep (P)/SL n+ i(]R) o B(P)/G PV(P)/(R+) / . 

Proof. ITheorem 3.1l and lThcorcm 3.3l give the first and second correspondence. The 
map from the forth one to the second one is given bv lTheorem~2~7l The map from 
the second one to the fourth one is given by going to the third one and taking a, ibj ) 
as the entries of the Cartan matrices. Clearly, these are inverses of each other. □ 

4. Real projective structures near the hyperbolic structure 

The purpose of this section is to obtain the information of real projective struc- 
tures near the hyperbolic structure in terms of Zariski tangent spaces. 

Recall in the previous section that real projective structures in the deformation 
space of P correspond to solutions to Vinberg equations. In IScction 4.11 we study 
the Zariski tangent space to this solution space. In lSection 4.21 we describe a space 
of hyperbolic structures of P in terms of polynomial equations, which are called 
hyperbolic equations, and in IScction 4.31 we study the Zariski tangent space to the 
solution space of the hyperbolic equations. In IScction 4.41 we compare these two 
Zariski tangent spaces and combine this with the weak orderability of P to prove 
ILcmma 4.21 Finally, in ISection 4.5| we prove ITheorem 1.31 using ILemma 4.21 and 
Weil infinitesimal rigidity. 

4.1. The Zariski tangent space to the Vinberg equations. As in lScction 3.2| 
we have variables a. t G V* = (M" +1 )* and b 4 G V = R n+1 for i G I = {1, . . . , /} and 
the Vinberg equations of the following form: 

• <5jj = onbi -2 = for all (i, i) G E\. 

• $g ] = atbj = and $g ] = a 3 b t = for all (i,j)eE 2 . 

• $ij = atbjOtjbi - 4cos 2 (^-) for all G E 3 . 

Recall that N is the number of Vinberg equations, ie N = f + e + C2- Let 
71-j 11 : (V*) f X Vf -> V* and nf 1 : (V*) f x V f -> V denote the projection onto 
the ith and the (/ + i)th factor for all i G I, respectively. For each (i,j) G P3, the 
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derivative of <&,j at p = (ai, . . . , a/, 61, . . . , &/), considered as a linear map, is given 
by: 

D$ij(j>) = a ,,n,h, + <i, ,n ,/), + CbijCHjbi + (ij.n.h, 

= a^-it^ (p)bj + dijirf^ (p)bi + aijajTrf ] (p) + a^a^if) 
for p = (di, . . . , d/, 61, . . . 6/) € (V*)^ x W . Similarly, for each (i, t) 6 Si, 

^(p)=^ 11 (p)6 i + a,7r| 2l (p), 

and for each (i, j) e _E 2 , 

£>$i - 1 (p) = 4 ] (P)bj + oc^f (p) and £$g ] (p) - tt} 11 (p)6 4 + a j7 rf 1 (p). 

More explicitly, combining Vinberg equations gives a function $ p : V* x (V*)^ — > 
l w and the rows of the N x 2(n + 1)/ Jacobian matrix [£?$p] are made up of 
blocks, each consisting of (n + 1) entries: 
For all e £1, 

= (0, . . . , 0, 6i,i, . . . , 6i,„+i, 0, . . . , 0, a,,! , . . . , <*»,„+ 1 , 0, . . . , 0) 

= (0,...,0, &* ,o,...,o, ^ ,0,...,0). 

jth block (/+t)th block 

For all e £2, 

[D*g ] ] = (0,...,0, &* ,0,...,0,^,0,...,0, ^ ,0,...,0, ^ ,0,...,0) 

^ Jth (/ +i )th (/+j)th 



= (0,... ,0,^,0,. ..,0, 6* ,0,...,0, a, , 0, . . . , 0, ^ , 0, . . . , 0). 

ith Jth (/+i)th (/+i)th 

For all e E 3 , 

[D$ij] = (0, ...,0,Oji6*-,0,...,0,o i:7 -6*,0, ...,0, a^-o^ ,0, ...,0, a^a, ,0, ...,0). 

ith jth (/+i)th (/+j)th 

Suppose that p is a point of $~^ 1 (0). Then the Zariski tangent space at p is the 
kernel of the Jacobian matrix [Z?$ P ] evaluated at p. 

4.2. The hyperbolic equations. Let V be an (n + 1) -dimensional real vector 
space with coordinates Xi, . . . , x n +i, and let P be a Coxeter n-polytope in Klein's 
projective model of the n-dimensional hyperbolic space M™ with facets Fi for i G 
I = {1, 2, ... , /}. Denote by u i £ V the outward unit normal to Fi with respect to 
the Lorentzian inner product on V, defined by 

(x, y) = -xiyi + x 2 y 2 + • • ■ + x n+1 y n+1 . 

Then P is defined by the system of linear inequalities 

(fi,x) > for alH £ I and x\ = 1. 

Now the problem of constructing a hyperbolic Coxeter n-polytopc P with pre- 
scribed dihedral angles can be expressed as the problem of finding a solution 
to the following equations: 

(fi, Vj) = 1 for all i £ I, 

(4.1) 

(fi, Vj) = — cos(^-) if facets Fi and Fj are adjacent in P. 
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We call these equations hyperbolic equations. To compare this hyperbolic equa- 
tions with Vinberg's equations, first note that P is defined by the system of linear 
inequalities 

on > for alH G I and xx = 1, 

where the linear functional on G V* is dual to 2vi under the Lorentzian inner 
product. In other words, oti(v) = 2(i/j, v). The hyperbolic reflection in the facet Fi 
is given by 

Ri(v) = v - 2{vi, v)vi = v - cti(v)bi 

where the reflection vector is bi = it\. Thus taking on = 2{t>i, • ) and bi = Vi gives a 
hyperbolic point t in (0) corresponding to the hyperbolic structure on P: 
if facets Fi and Fj are adjacent in P then 

fly = ati(bj) = 2{vi,Vj) = -2cos(^-) 

and thus an = 2{i>i, vi) = 2 for all (i, i) G E\ 

a>ij = and aj% = for all (i,j) G E% 

flji = 4 cos 2 ( ^- ) for all (i, j) G £ 3 . 

4.3. The Zariski tangent space to the hyperbolic equations. As in lSection 4.21 
we assume P is a compact hyperbolic Coxeter n-polytope where the dihedral angle 
at each ridge equals ^- for an integer riij > 2. Constructing such a hyperbolic 
n-polytope P is the same as solving the system of hyperbolic equations (|4.ip for 
the unit normals Vi. Equivalently we can write these equations in terms of the 
reflection vectors bi — i>i. This gives the following system of m = f + e equations: 

\$ u = 2{bi, bi) - 2 = for all (i, i) G E x 

(4 ' 2) *« = 2(bi, b s ) + 2cos(^-) = for all (i, j) e £ 2 U £ 3 - 

Combining these gives a function *p : = R (n+1)/ R m and *^ 1 (Q) contains 
Coxeter n-polytopes in H" with the desired dihedral angles. 

Now consider the derivative D^>p at a hyperbolic point t. If oii = 2{vi, ■ ) are 
the linear functionals defining the facets of the hyperbolic Coxeter n-polytope then 

= 2(bi, bj) + 2{bi, bj) = cijk + aSj. 

When i = j this becomes 

D*«(6) = 2oibi. 

Equivalently, the rows of the m x (n + 1)/ Jacobian matrix [-D^p] are made up of 
blocks, each consisting of (n + 1) entries: 
For each (i, i) G E\, 

[D*«] = (0, . . . , 0, 2oi,i, . . . , 2a,,„+i, 0, . . . , 0) 
= (0,...,0, 20^ ,0,...,0) 

ith block 

and for each (i,j) G E 2 Ui?3, 

[Dtfy] = (0,...,0, a 3 ,0,...,0, tti ,0,...,0). 

ith block jth block 

Then the Zariski tangent space to (0) at t is kerD^Pp. 
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Let Vi denote the space of unit norm spacelike vectors in V. We consider ty- (0) 

as a subset of V\. We need to understand the properties of Hom(7Ti(P), G) in terms 
of cocyles and coboundaries. See Goldman [301 Section 1] for an exposition here. 

Proposition 4.1. Let P have a hyperbolic structure with the holononomy homo- 
morphism h: tti(P) — > PO(l,n), and let (vi, Vf) be the corresponding vectors 
in V-[ normal to the facets of P. Denote by I: V/ — > PO(l,n)^ the map given by 
sending each normal vector to a corresponding reflection. Then the following holds: 

• An open neighborhood in vljT (0) of (vi,...,vj) is identified with one in 

Hom(7n(P),PO(l,n)) of h. 

• ^^(O) is locally identical with an orbit space of h by the conjugation ac- 
tion PO(I,n) in Hom(7Ti(P), PO(l, n)) and is a smooth manifold of di- 
mension "( n+1 ) near h, and dim B 1 (tti(P), so(l,n)Ad h ) — "^" 2 +1 ' > where 
B 1 (tti(P), so(1, n)Ad h ) is the space of coboundaries at h. 

• There is an induced identification map 

Dl : kcrPfp -> Z 1 (TT 1 {P),so{l,n) Adh ) = B l {<K X {P),so{l,n) A d h ) 

where Z 1 (tti(P), so(l,n)Ad h ) is the space of cocycles, ie the tangent space 
to Hom(7ri(P),PO(l,n)) at h. 

Proof. Each point of ^^(O) correspond to a /-tuple of (Pi, ...,Rf) reflections in 
PO(l,n) satisfying relations Pf = I and RiRj is a rotation of angle where 
i =/= j and ^ +oo. This is locally one-to-one correspondence from an open 
neighborhood of \E r ^ 1 (0) to one of Hom(7Ti(P), PO(l, n)) containing h. The first 
item follows by the fact that Equation (|4.1[) and Equation (|4.2I) express the same 
facts. 

Since h is discrete and faithful and h(wi(P)) is Zariski dense and irreducible in 
PO(l,n), the orbit of h under the action of PO(l,n) is locally faithful and hence 
of dimension " ( '" 2 +1 - ) . 

Let P be the fundamental domain of P in the Klein model B of H n . A sufficiently 
nearby solution in ^T 1 (0) to (vi,...,Vf) corresponds to a polyhedron P' bounded 
by hyperplanes meeting at angles where P' is near P in geometric distance. By 
the Poincare polyhedron theorem, it follows that reflections with respect to facets 
of P 1 generate a discrete group V isomorphic to tti(P) since the angle conditions 
do not change and hence has the same relations. 

Denote by P' the Coxeter orbifold B/T'. Then P' is homeomorphic to P by 
Charney and Davis [TT] since ni(P') is isomorphic to %x(P). We find a discrete 
faithful representation hi: nx(P') —> PO(l,n). The Mostow rigidity [29] implies 
that P' is isometric with P and T' is conjugate to 7Ti(P). Since 7Ti(P') can be iden- 
tified with 7Tx(P), we obtain that hi is conjugate to h by an element of PO(l,n). 
Thus a sufficiently nearby solution in ^^(O) to ...,«/) all correspond to ele- 
ments of orbit space of h under the conjugation action of PO(f , n). Also, the orbit 
space is locally smooth at h since PO(l, n) acts without fixed points as h is discrete 
faithful and irreducible. (In fact a neighborhood of h in Hom(7Ti(P), PO(l, n)) is 
in the orbit space of ft.) 
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We can consider B 1 (tti(P), so(l, n)Ad h ) as the tangent space of the orbit space 
of h by conjugation action of PO(l,n) at h. Thus, the second item follows. 

For the last item, since DI is a derivative of 1 at h, it sends the Zariski 
tangent space of *T 1 (0) to the Zariski tangent space Z 1 (ir 1 (P), so(l, n)Ad h ) of 

Hom(7Ti(P), PO(l, n)) at h. Also, by Weil infinitesimal rigidity [55] , we have 
H 1 (Tr 1 (P),so{l,n) Adh )=0. □ 

4.4. Main Lemma. 

Lemma 4.2. Let P be a compact hyperbolic Coxeter n-polytope, and suppose that 
P is the Coxeter orbifold arising from P. If P is weakly orderable, then 

rank D$> p = rankD'I'p + e 2 at the hyperbolic point 

where e 2 is the number of ridges of order 2. 

Proof. Since P is weakly orderable, the facets of P can be ordered so that each 
facet contains at most n ridges of order 2 in facets of higher indices. Let Fk be the 
fcth facet, and let q be the largest index such that F q contains ridges of order 2 in 
a facet of higher index. Define 

I(fc) = {i e I : i > k and Fi n F k is a ridge of order 2} and i(k) = \I(k)\. 

We may enumerate 

l(fc) = {i(M),...,i(M(fc))} 

such that if s < t then I(fc, s) < I(k, t). That is, 

1(1) = {1(1,1) < 1(1, 2) <••• <I(l,i(l))} 
1(2) = {1(2, 1) < 1(2, 2) < • ■ • < 1(2, i(2))} 

I(g) = {I(?,l)<I(?,2) <■••<!(?,»(?))}. 

Then we have 

E 2 = {(1,1(1,1)), (1,1(1, 2)),..., (1, 1(1, i(l))), 
(2,1(2,1)), (2,1(2,2)),..., (2,I(2,i(2))), 

(g,%,l)),( g ,%,2)),...,(g,I(g,i(g)))} 
where i(fc) < n. We note that 

J2i(k) = \E 2 \=e 2 . 

k=l 

Define the 1 x (n + l)f matrices 

ag 1 =(0,...,0, a, ,0,...,0) and ftgj = (0, . . . , 0, b\ ,0,...,0). 

jth block jth block 

Denote by J the (n + 1) x (n+ 1) diagonal matrix with diagonal entries — 1, 1, . . . , 1. 
We note that on = v\ J, &j = Vi and ay = at the hyperbolic point and the rows 
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of the N x 2(n + 1)/ Jacobian matrix [-D'&p] are represented as follows: 
[D*«] = (6[;],a[;])fbrall e E 1 

[£>$g ] ] = (fc^ajj) and [Mg 1 ] = for all e E 2 

[D$ij] = (oyfcjj + a 3l b\] v a Jia [ rt + aya[J) for all G £7 3 - 

Now we use elementary row and column operations of [D$p] to obtain a matrix 
whose rank is easier to compute. Obviously, elementary row and column operations 
on a matrix are rank-preserving. 

First, for each E E 2 , add a row [D$g ] ] of [D<5>p] to another row [£)<&! •]: 

Second, for each € E 3l multiply a row [D$ij] of [D$p] by a" 1 : 

i^+ajib^ajia^+Oija^) -+ itfi+b^aft+a®). 

Recall that for € E3 each a,j is non-zero and = Ojj at the hyperbolic point 
in^-^O). 

Third, for each € E x , multiply a row {D$ u } of [£>$p] by 2: 

(6[:],a[:])-.( 26 [:],2a[:]). 

Fourth, multiplying (i(n + 1) — n)th columns (i G I) of [-D<j> p ] by —1 produces 
the following result: 

[£)$g ] ]-^(a|5,a|J ] )for all (i,j)g£ 2 

M- 1 ] -+ («$ +«M +a l51) for a11 (u) e ^ 2 

[D$y] -+ (ag +a§,a§ + for all e E, 

[£>$«] (2a[;],2a[J) for all e 

Similarly, the rows of the m x (n + 1)/ Jacobian matrix [-D'J'p] are represented 
as follows: 

[D* y ] - agj + 4] fOT a11 (m) e^U£ 3 
[£>*«] = 2a[j] for all (i,j)e£i. 
Comparing these two matrices, we observe that [D<& p ] was transformed into 



' a [1] 
a [i(i,i)] 


„KM)] " 
a (1] 


a fi(i,i(D)l 


|i(i,i(i))] 








Jl(<M)l 

%] 


a [<?1 






[D*p] . 
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Finally, using elementary column operations, we obtain 



' a [1] - 
a [i(i,i)] 


a [I(l,l)l 
"[1] 


[i(i,i)] 
"[i] 


a [1] 

"fKM(i))l 


JI(MU))] 
"[11 


JI(M(1))] 
[11 






a [ql - 

"[1(9,1)1 


[g] 


[«] 


a [q] 












01(1,1) 


* 


* 




* 


Ol(l,i(l)) 


* 


* 









04(2,1) 




* 


* 





Ol(2,i(2)) 


























a l(q,l) 


* 




























where O's are zero matrices. ILemma 4.31 implies that for each k € {1, 2, . . . , q} 

Ol(fe,l) , Ol(k,2) ) * * * ) Q!l(fc,i(fc)) 

are linearly independent, ie all submatrices 



a i(fc,i) 

«I(fe,2) 
Q!l(fc,i(fc)) 



are of full rank, establishing the result. 



□ 



The following lemma, which is a generalization of Choi, Hodgson and Lee [T4l 
Lemma 3], will be used again in lScction 4.51 

Lemma 4.3. Let P be a convex n-polytope in S n defined by linear inequalities an > 

where Fi be the facet of P determined by on . Suppose that the facets , . . . , Fi n 
are adjacent to the facet Fi . Then the (n + 1) linear functionals ai , , . . . , ai n 
are linearly independent. 

Proof. Let ir be the natural projection from V^\{0} into S™, and let S — {i <E 

1 : Fi is adjacent to F io }. Define W = {v e V : a io {v) = 0} and W = ir(W\{0}). 
Observe that W is an n-dimensional subspace of V and W is a great (n— l)-sphcrc. 
Denote by a the restricted linear functional a\w ■ W — > R. Then the facet Fi of 
P is a convex (n — l)-polytope in W. Define 

Q = n% =1 {v £ W : a lk (v) > 0} and Q = n{Q\{0}). 

Since Q is an (n — l)-dimensional simplex in W, the linear functionals on k [k 
\ ..... 11 are linearly independent. Consequently there is no non-zero vector b G V 
such that 

a lQ (b) = a n (6) = • ■ • = a in (b) = 
establishing the result. □ 

Example 4.4. As an example, we use a compact hyperbolic tetrahedron to illus- 
trate the method in the proof of ILemma 4.21 See |Figure l] Here, if an edge is 
labeled I the its dihedral angle is j. 



Then 



1(1) 


= {1(1,1) 


= 3 < 1(1,2) = 4} 


3» = {(1,3), (1,4), 


1(2) 


= {1(2,1) 


= 4} 


(2,4)} 
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Figure 1. A compact hyperbolic tetrahedron 



£ 3 = {(1,2), (2, 3), (3, 4)} and ^ = {(1, 1), (2,2), (3,3), (4,4)} 



and hence 



D<5>f) for each (i,j) g E 2 



D®f) for each G E 2 



D$ij for each g £3 



D&u for each (i, i) S Ei 
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-D*34 
_D$22 
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b{ 





03 











b\ 
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123 6| 
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ai 
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6| 
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Ql 












a 4 

02iai 
023 «3 



C*2 











032«2 
0,34 «4 




«3 







Ql 



Q2 









04303 




Q4 



where is the 1x4 zero matrix. 



20 



S. CHOI AND G.-S. LEE 



First, for each <E E 2 , add a row [D&li 1 } of [D<f> p ] to another row ]: 



b 4 
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«3 





otl 
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b\ 
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b\ 
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03 














b\ 











04 



Second, for each e E 3 , multiply a row [D$ij] of [D$p] by a i} 1 : 



b* 3 
b\ 



bl 



01 






01 



IF 

°3 

ft' 

°4 
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b[ 














b\ 
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b\ 







b\ 




b\ 

6*4 
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by, 




b\ 



03 
04 


<*2 




01 









04 

Ol 

03 




02 







01 




02 
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01 

02 




"3 





04 



Third, for each E Ex, multiply a row [D§u] of [D$p] by 2: 
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Ctl 
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264 
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Fourth, multiplying (Ai - 3)th columns (i 6 I = {1,2,3,4}) of [D$p] by -1 
produces the following result: 



"3 

















ai 





a 4 




















Ctl 





£*4 

















OL2 


<*3 





<*i 





a 3 





Oil 





a 4 
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[D*p] 



Here we note that 



[D9p] = 
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Finally, using elementary column operations, we obtain 



03 





-cti 








ai 


' 


Q4 








-ai 








Oil 





a 4 





-a>2 








Q2 


. 04x10 


4x io 


04x10 


04x10 


[D*p] 



where sx t is the s x t zero matrix. 
4.5. Proof of [Theorem l."3l 

Lemma 4.5. Let P be a compact Coxeter n-orbifold. Assume that P admits a real 
projective structure, but does not admit a spherical or Euclidean structure. Define 
5(P) r = 5(P) n V = $^(0) n(Wn V), where 

V = {p E (V*) f x V s : the differential of ^ p at p is surjective}. 

Then 0(P) r is a smooth manifold of dimension 2(n + l)/ — N. 

Proof. The set U n V is an open subset of (V*Y x and the restriction toWfl V 
of the map $p is a submersion. Thus each level set of &p\unv is a embedded 
submanifold in 11 (1 V whose codimension is equal to AT. □ 

We consider the action of G on the smooth manifold D(P) r which is induced 
from the action # on B(P) in Equation (|3.1[1 . 
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Lemma 4.6. Let P be a compact Coxeter n-orbifold. Assume that P admits a real 
projective structure, but does not admit a spherical or Euclidean structure. Then G 
acts smoothly, freely and properly on a smooth manifold P(P) r . In particular, the 
orbit space H(P) r /G is a smooth manifold of dimension dimB(P) r — dimG, and it 
is open in B(P). 

Proof. We show that G acts freely on a smooth manifold B(P) r . Suppose that 

(di, . . . , df, g) ■ (at, . . . , a f , bi, . . . , bf) = (an, . . . , a/, b x , . . . , bf) 

where di, . . . , df G K + and g e SL* +1 (R). That is, 

diOng~ x — at and d~ 1 gbi — bi for all i € 1. 

We have did~ x aij = ay, hence dj = dj if cti(bj) =^ 0. 

Bv lThcorcm 2.21 for any holomony image group T of ni(P), the Cartan matrix 
of T is indecomposable. It follows that di = • • • = d/. Denote this like value by 
d. Choose (n + 1) linearly independent linear functionals cti , a^, . . . , oti n as in 
ILcmma 4.31 Let S be an invertible (n + 1) x (n + 1) matrix 



5* = 



Then dSg^ 1 — S and hence d n+1 = det(g) = 1. Observe that d = 1 and g = I n +i 
establishing the result. 

Next, we show that G acts properly on a smooth manifold B(P) r . Suppose that a 
sequence {pk = («i,fc, ■ ■ ■ , a/,fc, &i,fc, . . . , &/,fc)} converges to {a\, . . . , a/, bi, . . . , &/) 
in B(P) r and {q^ — (di,fc, ■ • ■ , df,k, gk)} is a sequence in G such that qu -pk converges 
to (5i, . . . , Sj, b\, . . . , bf) in B(P) r . That is, 

(4.3) di,fcai,fc3fc 1 -> <5i and d~lg k b iy k -> bi for all i € I. 

To complete the proof it suffices to establish that a subsequence of {q k } converges. 
We have di^djlcti^bj^ -> 3ibj, hence di^d~l -> ajb^ajbj) -1 if c^b., 7^ 0. More- 
over, 5j&i, ai6j and ajbi are negative if (i, ^ E\ U £'2- Since the Cartan 
matrices A — (a^), ay = a^by, and A = (ay), ay = ajbj, are indecomposable it 
follows that for all (i, j) € I X I there exist cy > such that 

(4.4) </,></ ; i -> Cy- 

For any facet Pj of P, we can choose (n+1) linearly independent linear functionals 
cti , ajj , . . . , OLi n as in ILcmma 4.31 Define (n + 1) x (n + 1) matrices 

di 1: kC^ii ,k 
di n ,k®-i n ,k 

We note that S and S are invertible. By (|OJ) and 1 -> 5 and d^Sfe 

S 1 , hence d^^g^ 1 — > S^S. Passing to a subsequence, we can assume that det g k — 
1 or det g k = — 1 . Note that two ordered basis (a j , 5% , . . . , ) and (a*,, , , . . . , ) 





















and 5/e = 




2»„ 
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consistently (resp. oppositely) oriented if det gu = 1 (rcsp. —1). Hence d™ + fe con- 
verges to a positive number 

det.g fe det(S'~ 1 5). 

Denote by di the (n + l)th root of this limit. The (sub) sequences {di 0i k} and 
{<?fc} converge to {di Q } and {di S~ 1 S}, respectively. Since the index ig in I can be 
arbitrarily chosen, the conclusion is immediate. □ 

Theorem 4.7. Let P be a compact hyperbolic Coxeter n-polytope, and suppose that 
P is the Coxeter orbifold arising from P. Assume that P satisfies the condition 
(CI). Then the orbit space B)(P) r /G is a smooth manifold of dimension e+— n, 
and it is open in B(P). 

Proof. Let V be the number of Vinberg equations, and let ei be the number of 
ridges of order 2. Recall that N = f + e + C2- We note that 

dimD(P) r - dim G = (2(n + 1)/ - N) - (f + (n + l) 2 - 1) 
= e + — n — 26p. 

Since dp = 0, it follows that dim M — dimG = e+— n, and hence the conclusion is 
provided by ILemma 4.61 □ 

Let h : tv\(P) — > PO(l,n) is a discrete faithful representation corresponding to 
a hyperbolic structure on P. By Weil infinitesimal rigidity 38 , 

H 1 (w 1 {P),so(l,n) Adh )=0. 

Since the adjoint action by PO(l, n) in the space of cocycles Z 1 (tti(P), so(l, njAdh) 
is faithful, we obtain 

<timZ 1 (Ki(P), so(l, n) Adh ) = dimS 1 (7ri(P), so(l, n) Adh ) 

= dim so(l, n) — 

By [Proposition 4~T| we have kerD^p = Z 1 (tti(P), so(1, n) A d h )- Hence 

rankDtfp = (n + 1)/ - = f + e-5 P 

where 5p — e — nf + "( ra+1 ) , Since Sp = and P is weakly orderable, it follows 
that rank _D$ p = rankD^p + e-i = f + e + e-i by ILemma 4.21 and so D&p is of 
full rank. Hence the differential of $ p at the hyperbolic point t is surjective, ie 
t 6 B(P) r . Finally iTheor em 1.31 is provided bv lTheorem 4.71 

Remark. We use the following steps to confirm experimentally that the differ- 
entials of $p at the hyperbolic point are surjective for some compact hyperbolic 
Coxeter 3-orbifolds which are weakly orderable and have the combinatorial type of 
a dodecahedron. The main algorithm used for our computations is similar to the 
one in Choi, Hodgson and Lee [14j Section 4.5]. 

1. We tabulate some 3-dimensional compact hyperbolic Coxeter dodecahedra 
which are weakly orderable and satisfy the conditions of Andreev's theorem 
(A1)-(A4). In particular, we restrict the possible edge orders to obtain a 
manageable finite list. This gives us 5681 Coxeter orbifolds based on the 
dodecahedron. 
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2. We explicitly construct the 3-dimensional compact hyperbolic Coxeter do- 
decahedra obtained in step 1. To do this we obtain numerical values of the 
unit normals i>\ for the hyperbolic polyhedron in the list by deforming the 
dihedral angles of the dodecahedron dol3 in [14l Section 4.5]. By Vinberg 
[36l Theorem 2.1], we only need to show that the Gram matrix of the set of 
vectors Vi is an indecomposable symmetric matrix of signature (3,1) with 
l's along the diagonal and non-positive entries off it. 

3. We compute the Jacobian matrix D = [D&p] of $p at the hyperbolic point 
obtained in step 2, and compare the number of rows of D with the rank of 
D to show that D is of full rank. 

We use Matlab to check the conditions of Andreev's theorem in step 1, and we 
use Mathematica to compute the remaining steps of the algorithm. The detailed 
computations are available from the webpage 12?]. 

5. Examples and Counterexamples 

IScction "Bl provides several examples of weakly orderable compact hyperbolic Cox- 
eter 3-orbifolds and show that the both assumptions (CI) and (C2) of lTheorem 1.31 
are necessary conditions. 

In IScction 5.11 we prove that almost all of the compact hyperbolic 3-orbifold, 
which has no prismatic 3-circuit and has at most one prismatic 4-circuit, are weakly 
orderable. In IScction 5.21 [Section 5.3l we show that the local deformation spaces of 
real projective structures on some compact hyperbolic Coxeter n-orbifold P which 
do not satisfy the assumption in IThcorcm 1.31 are not homeomorphic to a cell of 
dimension e+— n, where e+ is the number of ridges of order > 3 in P. 

5.1. Weakly orderable compact hyperbolic Coxeter 3 orbifolds. Every com- 
pact hyperbolic Coxeter 3-orbifold, which has the combinatorial type of a cube, is 
weakly orderable. However, if P is a dodecahedron then there exist a compact 
hyperbolic Coxeter 3-orbifold P which is not weakly orderable. But, as shown in 
IThcorcm 5.11 almost all of the compact hyperbolic Coxeter 3-orbifolds, which have 
the combinatorial type of a dodecahedron, are weakly orderable. 

We think that the following types of 3-polytopes form some portion of the set of 
all 3-polytopes admitting hyperbolic structures. 

Theorem 5.1. Let P be a simple 3-polytope. Suppose that P has no prismatic 
3-circuit and has at most one prismatic ^-circuit. Then 

\{weakly orderable compact hyperbolic Coxeter 3-orbifolds P}\ ^ 
d^>co [{compact hyperbolic Coxeter 3-orbifolds P}\ 

where d is the maximum of edge orders of the Coxeter 3-orbifold P. 

Question 5.2. Is I Theorem 5.1\ still true if we assume only that P is a simple 
3-polytope? 

Before going to the proof of lTheorem 5.11 we state the Tutte's theorem [54] , 
An 1-dimensional cell complex G is called a graph. It consists of vertices (the 
0-cells) to which edges (the 1-cells) are attached. The degree of a vertex in a graph 
is the number of edges with which it is incident. If all the vertices in a graph & 
have degree d, G is said to be regular of degree d. 
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A subgraph of G is a graph having all of its vertices and edges in G. A spanning 
subgraph of G is a subgraph containing all the vertices of G. A factor is a spanning 
subgraph which is regular of degree 1. 

Theorem 5.3. [34] Let & be a finite graph, and let v be the number of vertices of 
G. If G is a d-connected graph with v even and is regular of degree d, then G has 
a factor. Moreover, if, in addition, e is any edge of G, then G has a factor which 
contains e. 

Lemma 5.4. Let P be a simple 3-polytope. Suppose that P has no prismatic 3- 
circuit and has at most one prismatic 4-circuit. Then there is a compact hyperbolic 
Coxeter i-orbifold P such that every vertex of P is incident with two edges of order 
2 and one edge of order 7. 

Proof. Assume that four facets F i; Fj, and Fi of P form a prismatic 4-circuit. 
Denote the edge F{ n Fj by e. By Steinitz' theorem, the graph G = G(P) of P is 
3-connected (See Griinbaum [22j Chapter 13]). Since P is simple, G is regular of 
degree 3 and the number of vertices is even. By Tutte's theorem, G has a factor 
F which contains e. (If P has no prismatic 4-circuit, then we choose an arbitrary 
factor F of G.) Every vertex of P is incident with two edges in G\F and one edge 
in F. Observe that 

| + | + ?>7r and f + i + f + f<27r. 

By Andreev's theorem in IScction 2.21 there is a compact hyperbolic Coxeter 3- 
orbifold P such that every edge in G\F (resp. F) is of order 2 (resp. of order 7), 
corresponding to a dihedral angle § (resp. S). □ 

Let G be a finite graph, and let L be a set. Denote by E(G) the set of edges of 
G. A function ■& : E(G) — > L is called an edge-labeling function, and we call a pair 
(G,$) an edge-labeled graph. An edge e is called an l-edge if i?(e) = I. 

In this section, we consider only the edge-labeled graph (G, i?) satisfying the 
following conditions: 

(El) G is simple, planar and 3-connected, ie G is the graph of a 3-polytope. 
(E2) G is regular of degree 3. 
(E3) the set L of labels is {0, 1}. 

(E4) every vertex of G is incident with three edges ci, e 2 and e3 such that 

tf(ei) + 0(ea) + #(e 3 ) = 1 (mod 2). 

Let P be a convex 3-polytope in A 3 , and let G be the graph of P. The graph 
G is embedded in the 2-dimensional sphere S 2 = dP. We call a facet of P a face 
of G. The number of vertices, edges and faces of G shall be denoted by v, e and /, 
respectively. 

Lemma 5.5. Let (G, i?) be an edge-labeled graph satisfying the condition (El)- 
(E4). Then there is a face F o/G such that the number ofO-edges of F is less than 
4. 

Proof. Denote by e 2 the number of 0-edges. Observe that 

• (El) implies that v — e + / = 2 

• (E2) implies that 2e = 3v 

• (E3) and (E4) imply that 2e 2 < 2v. 
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By an elementary computation, we have 

2e 2 < 4(/ - 2) < 4/. 

The conclusion is immediate. □ 

We define a combinatorial operation on edge-labeled graphs satisfying the con- 
dition (E1)-(E4) (resp. on graphs satisfying the condition (E1)-(E2)): By deleting 
an edge e = ob from an edge-labeled graph (G,-#) (resp. G) we mean that e is 
removed and the pairs of edges incident to a and b are amalgamated into two edges 
(see |Figure 2[ ). The possibility of applying the deleting operation to an edge e of 
(G,$) presupposes that two adjacent edges which are adjacent to an edge e have 
the same label. We note that the conditions (E2)-(E4) (resp. (E2)) are preserved 
under the edge-deleting operations. 




Figure 2. An edge-deleting operation 

Let G be a graph satisfying the condition (E1)-(E2). An edge e of G is said to be 
removable when the graph obtained from G by deleting the edge e remains to satisfy 
the condition (El). An edge which is not removable is said to be non-removable. 
The following property of the set of non-removable edges was obtained by Fouquet 
and Thuillier p] . 

Theorem 5.6. |18[ Corollary 2.7] Let & be a graph with more than 6 edges satis- 
fying the condition (E1)-(E2), and let C be a cycle o/G. Then C contains at least 
two removable edges. 

Lemma 5.7. Let P be a compact hyperbolic 3-polytope, and let P be the Coxeter 
?>-orbifold arising from P. Assume that every vertex of P is incident with two edges 
of order 2 and one edge of order > 7. Then P is weakly orderable. 

Proof. If P is a tetrahedron then P is always weakly orderable. We may assume 
that P is not tetrahedron. Denote by G the graph of the 3-polytope P. Define the 
edge-labeling function d by 

, _ J if the edge e is of order 2, 
1 1 if the edge e is of order > 7. 

Then the edge-labeled graph (G,z9) satisfies the conditions (E1)-(E4). 

By ILcmma 5.51 there is a face F of G such that the number of 0-edges of F is 
less than 4. We call F the 1st facet Fi of P. Bv lTheorcm 5.6l the cycle dF contains 
a removable edge e. 

If z9(e) = 1 then adjacent edges which are adjacent to e have the same label. 
Otherwise, we relabel all edges in the cycle dF to become edges of the opposite 



PROJECTIVE DEFORMATIONS OF HYPERBOLIC COXETER ORBIFOLDS 



27 



label, and obtain the new labeling function . Observe that i?'(e) = 1 and the 
resulting edge-labeled graph (G, still satisfies the condition (E4). 

Denote by F 1 the facet adjacent to F such that F n F' — e. We delete the edge 
e of (G, *&'). Two adjacent facets F and F' are amalgamated into a facet F' (See 
|Figure 3) . 




Figure 3. Amalgamating two adjacent facets into a facet 

Now, the resulting edge-labeled graph (G, d) has fewer edges. However, it still 
satisfies all of the condition (E1)-(E4). Again, find an face F of G such that the 
number of 0-edges of F is less than 4. We call F the 2nd facet F2 of P. Continue 
the process in this manner. 

Consequently the facet of P can be ordered so that each facet contains at most 
3 edges of order 2 in a facet of higher index, and hence P is weakly orderablc. In 
fact, we are done by induction on the number of edges. □ 

Proof of \Theorem 5.1\ Let e be the number of edges of P, and let p = -|e. 
Observe that p £ N. Denote by Af(d) the set of compact hyperbolic Coxeter 
orbifold P such that all the edge orders of P are less than or equal to d. For each 
integer d > 7 and j 6 {0, 1, ... , e}, we define 

■A/L (d) = { P £ Af{d) : P is weakly orderable} 

Mj(d) — {P £ Af(d) : the number of edges of order > 7 in P is equal to j }. 

Assume that P is a compact hyperbolic Coxeter 3-orbifold. By (Al) of Andreev's 
theorem in lSection 2.2| if an edge e of P is of order > 7 then edges which are adjacent 
to e are of order 2. Therefore the maximum number of edges of order > 7 in P is 
equal to p — ^e. In other words, Afj(d) — for all j > p, and hence we have 

\Af(d)\ = J2WM\- 

Moreover, P g Af p (d) if and only if every vertex of P is incident with two edges of 
order 2 and one edge of order > 7. Observe that for any fixed integers I, m > 2, 

i + j + ^- > 1 for some integer k > 7 \ + j + ^ > 1 for all integer k > 7, and 

t + 4 + — < 1 for some integer k > 7 r + \ + — < 1 for all integer k > 7 

k l m G — k I m G — 

(compare these inequalities to (Al) and (A2) of Andreev's theorem). Consequently 
for each d £ {7, 8, . . . } we have 

\N- J (d)\ = m7)\-(d-6Y- 
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ILcmma 5.41 and ILcmma 5.71 imply that 



6) p 



\Af(d)\ - \Af(d)\ 
establishing the result. 



E?=o 1^(7)1 -(d- 



Q)3 



and |AT p (7)|^0, 



□ 



Example 5.8. Let m be an integer > 5. By Lobell 3-polytope L(m) we mean 
a 3-polytope which has (2m + 2) facets with upper and lower bases both being 
m-gons, and a lateral surface given by 2m pentagons, arranged similarly as in the 
dodecahedron. |Figure 4] shows the case when m = 6. 




Figure 4. Lobell 3-polytope L(6) 



For each m > 5, the Lobell 3-polytope L(m) has no prismatic 3- or 4-circuits. 
Bv lTheorem 5. II almost all of the compact hyperbolic Coxeter 3-orbifold which has 
combinatorial type of L(m) are weakly orderable. 

5.2. The condition (CI) is necessary. In 1996, Esselmann [17] classified all 
the compact hyperbolic Coxeter polytopes the combinatorial type of which is the 
product of two simplicies of dimension greater than 1. We consider one of these 
hyperbolic polytopes. Let P be the compact hyperbolic Coxeter 4-polytope the 
combinatorial type of which is the product of two triangles and the Coxeter graph 
of which is shown in |Figurc 5] See Vinberg [36] or Bourbaki [9] for the definition 
of Coxeter graphs. 




FIGURE 5. One of Esselmann's polytopes 



Since the 4-polytope P has 6 facets and 15 ridges, 

5 P = e - nf + " ( " 2 +1) =1^0, ie P does not satisfy the condition (CI). 

However the Coxeter orbifold P arising from P is weakly orderable, ie P satisfy 
the condition (C2). 

We show that any neighborhood of the hyperbolic point in D(P) for the hyper- 
bolic Coxeter orbifold P is not a manifold. 
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Assume that T is a projective Coxeter group so that ftr/T is diffeomorphic to 
P, and A is the Cartan matrix of T. We can change the Cartan matrix A by a 
diagonal action (see Equation (I3.2p ) uniquely so that 

a%2 = 021 = -2cos(|), a 23 = a 3 2 = -2cos(| ), a 34 = a 43 = -2cos(| ) 
045 = 054 = -2cos(|), a 56 = a 65 = -2cos(|). 
Dchnc x = — a 14 and y = — a 4 6. The Cartan matrix v4 = (a^) of T is as follows: 



A = 



2 


l+\/5 
2 
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1+V5 
2 
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-1 
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-1 


-y 











-1 
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i+VS 

2 

2 











-zr 1 


1 + V5 
2 



Moreover, rank (A) = 5 if and only if det(A) = 0. By simple calculation, we obtain 
det(A) = ^(8x - (5 + V$)y - (6 - 2V5)xy - (5 + V5).x 2 y + 8xj/ 2 ) = 0. 

Note that x and y are positive. By |Corollary 3.4[ the deformation space E)(P) is 
homeomorphic to the solution space 

S = {(x,y) G (K+) 2 : 8a; - (5 + V5)y- (6-2^)^- (5 + V5)x 2 y + 8xy 2 = 0}, 

which is pictured in |Figure 6| We note that (1, l)g5 corresponds to the hyperbolic 
point in B(P), and hence any neighborhood of the hyperbolic point of P(P) is not 
a manifold. 




Figure 6. 8a; - (5 + VE)y - (6 - 2VZ)xy - (5 + VZ)x 2 y + 8xy 2 = 

5.3. The condition (C2) is necessary. Let d be a fixed integer > 3. We consider 
the compact hyperbolic Coxeter 3-polytope P shown in |Figure""7] Here, if an edge 
is labeled d then its dihedral angle is Otherwise, its dihedral angle is ^. 

Obviously, e+ — 3 = 0. However P is not weakly orderable, since every facet in 
P contains four edges of order 2. 

Observe that P has the reflectional symmetry interchanging F and F', ie the 
Coxeter 3-orbifold P arising from P has order two symmetry about an embedded 
totally geodesic 2-dimensional suborbifold S. Consequently there are non-trivial 
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Figure 7. A compact hyperbolic Coxeter 3-polytope 

deformations in D(P) obtained by projective bendings along S, and hence a neigh- 
borhood of the hyperbolic point in D(P) is not a manifold of dimension 0. See 
Choi, Hodgson and Lee [14] and Johnson and Millson (24] for the details. 
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